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A BASIS AND SCHUR-WEYL DUALITY FOR THE LOOP HECKE ALGEBRA
GEOFFREY JANSSENS, ABEL LACABANNE, LEO SCHELSTRAETE AND PEDRO VAZ

ABSTRACT. The loop Hecke algebra is a generalization of the Hecke algebra to the loop braid
group, introduced by Damiani, Martin and Rowell. We give a new presentation of the loop Hecke
algebra provided a mild condition on the parameter and give a basis. We use higher rewriting the-
ory to show linear independence and the combinatorics of Dyck paths to compute the cardinality
of the basis. This proves a conjecture of Damiani-Martin—Rowel. We also give a representa-
tion theoretic interpretation of the loop Hecke algebra in terms of (non-semisimple) Schur—Weyl
duality involving the negative half of quantum gl(1|1).
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1. INTRODUCTION

The classical braid group B,, can be identified with the group of motions of n points in the
plane R2. In a similar spirit, the loop braid group LB,, is the group of motions of n unlinked cir-
cles in the space R3. This definition was given by Dahm in his unpublished PhD thesis [10], then
published and extended by Goldsmith [14]. The terminology is due to Baez, Wise and Crans [1],
inspired by physical motivations. As its classical counterpart, the loop braid group admits many
different definitions, reflecting its connections with various fields: as certain automorphisms of
the free group on n generators [22, 31]; as certain braid-like objects called welded braids [13],
in connection to virtual knot theory [18] and knotted surfaces [30]; or as the configuration space
of n unlinked circles in R? [4]. We refer the reader to [11] for an overview.

The loop braid group admits an Artin-like presentation (see e.g. [13]):

_ _ 2 _
o1 Ot 0i0i4105 = Oi4100i41, PiPit1Pi = Pit1PiPit1, P; = 1,
' e
LB, = p1’ ’ P 1’ PiCi+10; = 0i410:iPit1, TiPir1Pi = Pit1PiTit1, (1)
e P thkas
Y 0i0; = 0;0i, pip; = p;ipi, Oip; = p;o; for [i — j| > 1

The generators o; correspond to the ith circle passing through the (i 4 1)th circle; they generate
a copy of the braid group B,, — LB,,. The generators p; correspond to permuting the sth circle
and the (7 + 1)th circle; they generate a copy of the symmetric group S,, < LB,,. The remaining
relations are mixed relations, capturing how the copy of the braid group B,, and the copy of the
symmetric group S,, interact inside LB,,.

To study a group, one looks for interesting representations. As the braid group B,, sits inside
the loop braid group LB,,, a natural approach is to try to extend a representation of B,, to a repre-
sentation of LB,,. Arguably, the most classical representation of B,, is the Burau representation
[7]:

F,: LB, — V",
where V' is a 2-dimensional complex vector space. It has a long history, with connection to
the Alexander polynomial and a still-standing faithfulness conjecture for n = 4. It is known
to factor through the Hecke algebra X, defined as a quotient of the group algebra C[B,] by
quadratic relations 02 = (t + 1)o; + t.

Recently, Damiani, Martin and Rowell [12] introduced the loop Hecke algebra LI, as an
analogue for LB,, of the Hecke algebra'. This builds on earlier work by Vershinin [35] extending
the Burau representation to the loop braid group. Their definition is an analogue of the definition
of the Hecke algebra: it is a quotient of the group algebra Z[LB,,] by certain quadratic relations
(see Definition 1.2). Although not clear from the definition, it was shown in [12, Corollary
3.5] that LI, is finite dimensional. Furthermore, rather surprisingly, the dimension should be
independent of ¢ under the intriguing condition that t? # 1:

Conjecture 1.1 (Damiani—-Martin—Rowell). Let C, be the complex numbers C seen as a left
Z[t|-module by evaluating t at z € C. Then for z # +1:

1/2
dimc LH, Qz[t) C, = —( n)
2\ n

ITo the authors’ knowledge, there is no relationship with loop algebras as appearing in affine Lie theory.
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The first aim of this paper is to confirm Conjecture 1.1. The main idea is a new presentation
of LI, valid when z # +1, which does not explicitly depend on the parameter ¢. Using this
new presentation, we are able to describe an explicit basis. Linear independence is shown in
Section 2 using a higher analogue of the diamond lemma. We count the cardinality of the basis
using the combinatorics of Dyck paths in Section 3. Finally, we show in Section 7 that the two
presentations are equivalent when z # 41, leading to a proof of the conjecture. A more detailed
introduction is given in Section 1.1 and Section 1.2 below.

The second aim of this paper is to give a representation theoretic interpretation of the loop
Hecke algebra. The braid group is Schur—Weyl dual to the quantum U,(gl(1|1)) through the
Burau representation [17]. That is, one can realize V' as a representation of U,(gl(1]1)), such
that the braiding on V®" induced by F,, coincides with the braiding induced by the quantum
group U,(gl(1]|1)). Furthermore, the Hecke algebra fully describes U, (gl(1|1))-intertwiners, in
the sense that the algebra morphism

Hn @21 C(t) — Endy, gy (VE")

is surjective. In this paper, we show that a similar statement holds for the loop Hecke algebra
LI, Since LI, is “larger” than I, we must “shrink” U, (gl(1|1)). It turns out that the right
answer is to consider its negative-half U,(gl(1]|1))=C. In Section 4 we recall some background
on U,(gl(1|1)) and its representations. Section 5 is the core of this second part of the paper,
showing a Schur—Weyl duality between LB,, and U,(gl(1]1))=C. Finally, we use this result in
Section 6 to further study the loop Hecke algebra from a ring-theoretic perspective. A more
detailed introduction is given in Section 1.3.

We now give a more detailed account of the main results and objects. We conclude with some
further directions of research in Section 1.4.

Acknowledgment. G.J. is grateful to Fonds Wetenschappelijk Onderzoek Vlaanderen - FWO
(grant 88258), and le Fonds de la Recherche Scientifique - FNRS (grant 1.B.239.22) for financial
support. L.S. is supported by the Max Planck Institute for Mathematics (Bonn, Germany). The
authors were supported by a PHC Tournesol Wallonie Bruxelles grant.

G.J. warmly thanks Celeste Damiani and Eric Rowell for explaining their work and telling
about Conjecture 1.1 during the problem session of the Banff workshop ”Skew Braces, Braids
and the Yang-Baxter Equation” (24w5201).

1.1. A parameter independent presentation of the loop Hecke algebra. We recall the defini-
tion of the loop Hecke algebra:

Definition 1.2 ([12, section 3B]). The loop Hecke algebra LH,, is the associative unital Z[t|-

algebra generated by o4, ...,0,_1 and py, ..., p,_1, subject to the loop braid relations
0i0i+10; = 0410041, PiPi+1Pi = Pi+1PiPi+1, ()
Pi0i+10; = 0i410:Pit1, TiPit1Pi = Pit1Pi0i+1, (3)

005 = 0,05, PiPj = PiPi, oipj = Pj0i, for |i — j| > 1, 4)
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and the quadratic relations
pi=1  (0i—1(oi+1)=0, (5)
(pi— V(e +1) =0,  (0;=1)(pi+1)=0. 6)

Note that relations (2), (3) and (4) are the defining relations of the loop braid group LB,, given
in (1).

Remark 1.3. In [12] the loop Hecke algebra is defined as the Z[t, ¢~ !]-algebra generated by the
relations (2)-(6). However, as pointed out around [12, eq. (3-14)], it is senseful to define it over
Z|[t]. The extension LH,, @z Z[t*'] has the advantage that ¢~ (o; + ¢ — 1) is an inverse for 0;;
however, we will not require this fact.

When ¢ — 1 is invertible one could consider the following alternative generating set for LI,
D; = (07— p;)/(1 = t) and U; = (0; — tp;) /(1 — 1),
for 1 < ¢ < n— 1. It turns out that for these generators £LJ{,, has a more symmetric presentation,

under some further conditions on the parameter. This and some experiments for small n using
MAGMA motivate considering the following Z-algebra:

Definition 1.4. For each n € Ny, the integral form of the loop Hecke algebra Z.TJ-/Cn is the
Z-algebra with generators D; and U; for each 1 <7 < n — 1, subject to the following relations’:

D;D; =D, D;U; =0 UD;=U,+D; —1 U;U, = U, (7)
for1 <i¢<mn-—1and
DU = Ui D; UDi1 =0 Dip WUy =Dip +U; — 1 (8)
DiDiy1Di = Dij1 Dy = Dip1 DDy ©)
UiUi1Uy = Ui Uy = Ui 1 UUi 4 (10)

forl1 <i¢<mn-—2and
forl1 <i,5<n-—1.

Note that the U;’s and D;’s still satisfy the braid relations (9)-(10), but the quadratic relations
(5)-(6) combine to the nicer relations (7), which do not involve the parameter ¢t. Note also that
the generators of LI{,, are idempotent elements.

An important step towards confirming Conjecture 1.1 is to prove that the presentation in Defi-
nition 1.4 is also one of the loop Hecke algebra.

Theorem A (Corollary 7.2). Let C, be the complex numbers C seen as a left Z[t]-module by
evaluating t at z € C. Then for z # =41, the loop Hecke algebra L, (Definition 1.2) and its

integral form LI, (Definition 1.4) are isomorphic over C:

'Ej{n ®Z[t] Cz = 'Z:\j:cn Xz C.

In fact, the relations U;U;+1U; = U;1U; and D1 D;D; 11 = D;11D; are consequences of the other relations;

see Remark 7.4.
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A more general statement is given in Theorem 7.1. The main difficulty in the proof is to verify
that the image in £J{,, of the relations (8)-(10) holds. The full Section 7.1 will be dedicated to
that.

1.2. A basis for the loop Hecke algebra and consequences. The relations of £LJ{,, have the
advantage of saying how to swap any two generators. This allows us to obtain a basis, which
we now introduce. First, recall that a permutation 7 € S,, is called 321-avoiding if there is no
i < j < ksuchthat 7(i) > 7(j5) > 7(k).

Definition 1.5. A word in the alphabet {U;, D;}1<;<, is said to be Z\ﬂ/{n—reduced if it is of the
form

w=DU
for D (resp. U) a 321-avoiding reduced word in the alphabet {D;}1<;<, (resp. {U;}1<i<yn) for
each 1 < i < n,if D, is a letter of D, then U, and U,_; are not letters of U:

D,eD=U,U_ ¢U. (12)
We write Red(z?{n) for the set of £, -reduced words.

Theorem B (Theorem 2.1). For each n € N.g, the set Red(fﬁ]/{n) of Eﬂan-reduced words
defines a basis of LH,,.

We provide two proofs of linear independence of Red(LXH,,). The first one, given in in Sec-
tion 2, works over Z and uses higher linear rewriting theory [32]. Rewriting theory is also known
as Grobner bases theory [5, 33] or Bergman’s diamond lemma [3] depending on the context and
the perspective. Readers familiar with the latter should be able to follow Section 2 without prior
knowledge of [32]. In fact, our proof provides a “higher Grobner basis” for LI, i.e. a solution
to the word problem (see Corollary 2.5).

The second one works over C., and is a by-product of the proof in Section 5 of our Schur—Weyl
type theorem, see Remark 5.10.

Next, we count Z\J/-Cn—reduced words:

Theorem C (Theorem 3.1). The cardinality of Red(z\ﬂ/{n) is 2 ().

2\n
The proof is the content of Section 3. It uses the combinatorics of Dyck paths, which may be
of independent interest.

Taken together, Theorem A, Theorem B and Theorem C imply that Conjecture 1.1 indeed
holds.

Corollary D. Let C, be the complex numbers C seen as a left Z[t]-module by evaluating ¢ at

z € C. Then for z # =+1:

1(2
dime £H, @z C. = —( ”)
2\ n

A more general statement is given in Corollary 7.3.

3That is, D and U are 321-avoiding reduced words each in their own alphabet.
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In [12, Theorem 5.2] it is shown that the map defined by

g; —r ldﬁ/(z_l) ®M’(O’Z) (%9} id%%(n_i_l)

‘ ; 13
pi = id Y @M (p) @ idg Y (13)

F,: LB, — End(W®"): {

with W a 2-dimensional vector space,

o O O
oS O O

and M'(p;) =
—1

OO+ O
OO O
o= OO
o O = O

—t

is a representation* of the loop braid group LB,, which factors through the loop Hecke algebra
LH,,. The authors call F,, the extended super representation, denoted S P in [12], or the Burau—
Rittenberg representation. Furthermore, they study the k-algebra SP, := F,,(kLB,,), where k is
a field with a fixed element ¢. For instance, if ¢ # 1, then dimy SP, = %(2:) [12, Theorem 5.8]
and furthermore S P, _; embeds in S P, [12, Proposition 5.6]. Both properties however remained
open for LIH,,.

Now concerning the former statement, comparing dimensions we see that LH,, = SP, if
t # £1. We also obtain the latter from Theorem 3.1 as it yields that LJ{,, has a basis which is a
subset of the basis of LI, 1. In summary:

Corollary E. For each n € Ny the following holds:

(1) the canonical morphism LH,, — LI, is injective.
(2) the representation F',, induced on L, is faithful when ¢ # +1.

1.3. On a Schur-Weyl duality for the loop Hecke algebra. In the recent years there has been
quite some interest in describing representations of LB,, which are extended from representations
of the classical braid group B,,, e.g. [6, 9, 21]. There has been particular attention to so-called
local representations which include those representations associated to a braided vector space.
However, in contrast to the symmetric loop braid group®, only a single R-matrix seems to be
known that yields a local representation of LB,,, see [12, Remark 5.4]. The second main aim of
this paper is to contribute to this and subsequently to use it to provide a Schur—Weyl duality for
LH,..
(GJ: I will write the rest later.)

1.4. Further questions.

4Note that M’ (04) is one form of the Burau representation. As pointed out in [12], if one considers another form
of the Burau representation where the right down corner of M’ (o;) (and M’ (p;)) is replaced by 1, then one does not
obtain a representation of LB,,.

SThis is LB,, modulo the relation p;0;110; = 0;410;p;+1. It is also called the unrestricted virtual braid group
in [19].
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2. A BASIS FOR THE INTEGRAL FORM OF THE LOOP HECKE ALGEBRA

In this section, we prove a basis theorem for the integral form of the loop Hecke algebra:

Theorem 2.1. For each n € N, the set of Z\ﬂ/{n-reduced words (see Definition 1.5) defines a
basis of LI, (see Definition 1.4).

It will be convenient to package the Z-algebras LI{,, for each n into one Z-linear monoidal
category: we define the loop Hecke category in Section 2.1. Section 2.2 describes reduced words
using pattern avoidance. These two sections are preliminaries for Section 2.3, where we prove
Theorem 2.1 using higher linear rewriting theory. This gives an intrinsic proof of Theorem 2.1.
Another proof of linear independence will be given in Section 5 (see Remark 5.10), using Schur—
Weyl duality.

2.1. The loop Hecke category.
Definition 2.2. The loop Hecke category LK is the Z-linear monoidal category given by the
following presentation:

e one generating object, so that ob(Z?C) =N;
e (wo generating morphisms

U:2—-2 and D:2—2

e subject to the following relations, where we abuse notation in (15), (16) and write U for
U ®idy, we write U, = id; ® U, and similarly for D and D, :

DD=D DU=0 UD=U+D-1 UU=U (14)
DU, =U,D UD,=0 D, U=D,+U-1 (15)
DD.D=D.D=D.DD, UUU=UU=U.UU. (16)

The hom-spaces of LK recover the algebras ﬁ{n:

Homg:(n,n) = LH,,
where the identification is given by
Ui = idi_l QU ® idn—i—l and DZ = idi_l KD ® idn—i—l .

Note that the relations (11) are not explicitly part of the above presentation, as they correspond
to the interchange law of a monoidal category. For that reason, we will refer to these relations as

interchange, even when considered in the algebra LJ(,,.

2.1.1. Symbolics. In what follows, we will often abuse notation and write
U=id;,1,®U ®idy_j—1, Uy =id;®U ®id;—j—2, and U,y =idj4 QU ®1id,_;_3

for some ¢ and n clear from context.
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2.1.2. Diagrammatics. It will be convenient to have a diagrammatic notation for morphisms in
the loop Hecke category. We define:

U::|:| and D::%.

In diagrammatic notation, the definition relations of £LH become

w B Powmn HO

al-le Gl 8ogeoo
paf Bos

2.2. A pattern-avoiding description of reduced words. Recall from Definition 1.5 the notion

195 of word and L}C -reduced word. Say that a word is LH-reduced if it is 59{ -reduced for some
n € N.
Recall that we call “interchange” the relations (11).

Lemma 2.3. A word is LH-reduced if and only if it avoids the following patterns, up to inter-

change:
UD U,.D UD, (17)
DD vu DD.,.D D.DD, vu,.U U,.UU, (18)
DU DU DULU D, DU, (19)
D, DU, U, (20)

200 Here we use the abuse of notation from Section 2.1.1. For instance, fixing n € N, the pattern
DU covers all patterns of the form D, U, for1 <i <n — 2.

Proof. For the purpose of the proof, we call R-reduced® any word that avoids patterns (17), (18),

(19) and (20), up to interchange. It is clear that if a word is L3, -reduced, then is it R-reduced.
Let then w be an R-reduced word. Since w avoids the patterns (17), it is of the form w = D U
205 for D and U words in the alphabets {D;}1<;<, and {U; }1<;<n, respectively. Since w avoids the
patterns (18), the words D and U are 321-avoiding and reduced.
It remains to check that w verifies the condition (12). Let then 1 < ¢ < n — 1 such that D;
appears as a letter in D, and denote d the rightmost such letter in . Using interchange, move
d to the right within D, as much as possible. (In the process, other letters may move as well.)
210 Since D is 321-avoiding and reduced, this expresses D as

D=D"D;Dy; ... Diym,Di1Di—o...Di

The terminology “R-reduced” (or “R-normal forms”) is a rewriting terminology, used explicitly in the proof of
the basis theorem below. For the purpose of the proof, this can be taken as an ad-hoc terminology.
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where D; above is the chosen letter d, and m_, m_ are non-negative integers. (If m_ = 0, then
D, 1D; 5...D,;_,,_isthe empty word.) Note that if U] is the leftmost letter of U, we must have
either/ <7 —m_ —lori+my <, since w= D U avoids the patterns (19).

Pick 1 < j < n — 1 such that U; appears in U, and let u be the leftmost such letter in U.
Similarly as above, we can express U as

Q - Ujfn, [ UjfojflUjJrn‘I» e Uj+1Uj Ql

where U, above is the chosen letter u, and n_, n . are non-negative integers. If Dy, is the rightmost
letter of D then we must have either k < j —n_orj+n, +1<k.

Let
m ifmy >1 n ifng >1
M, = * =7 and Np={F =0
—mz otherwise —ns otherwise

The letters D;_p;_ and D; yy, (resp. U;_n_ and U;, . ) are, up to interchange, rightmost letters
in D (resp. leftmost letters in UU). The conditions above give:

(i—M_<j—n_ or jH+ny+1l<i—»M_)
and (1 + M, <j—n_ or j+ny+1<i+ M)
and (j—N_<i—m_—1 or i+my <j—N_)
and (j+ Ny <i—m_—1 or i+my <j+ Ny).

Using that My < my and Ny <ng,weseethat:i —M_<j—n_andj—N_<i—m_ —1
cannot hold at the same time; similarly, 7 +n, +1 < ¢+ M, and ¢ +m4 < j + N, cannot hold
at the same time. It follows that:

(j+ny+1<i—M_ or i+my<j—N_)
and (t+My<j—n_ or j+Ng<i—m_—1).

If the first equation holds and M_ > 0, then j + 1 < 7 and the pair (¢, j) verifies condition
(12); similar statements hold for the three other inequalities. Moreover, at least one element of
{M_, M.} is non-negative; and similarly for {N_, N, }. Hence, it only remains to check the
following two cases:

e M _, N, < 0: this implies that m_ = n, = 0;

e M., N_ < 0: this implies that m, =n_ = 0.
In both cases, we can use the avoidance of pattern (20) to conclude that we have either ¢ < j or
Jt+1<a. O
2.3. Proof of the basis theorem via rewriting theory. We wish to show Theorem 2.1. Recall
that given a linear monoidal category, a hom-basis is a basis for each hom-space. Theorem 2.1

equivalently states that £ H-reduced words define a hom-basis of the loop Hecke category L£H
(Definition 2.2).

With the pattern-avoidance description of reduced words given in Lemma 2.3, it is not difficult
to show the following:

Lemma 2.4. For eachn € N, the set of Z\ﬂ/{n—reduced words generates Z\J/'fn as a Z-module.



235

240

245

250

255

260

A BASIS AND SCHUR-WEYL DUALITY FOR THE LOOP HECKE ALGEBRA 11

Proof. Let w be any word in the alphabet {U;, D;}1<;<,. Each pattern described in Lemma 2.3
can be rewritten using a relation in Z\J/{n This follows from the defining relations and the rela-
tions

D,DU, =0, DU,U=0 ad D, DU, U, =0,
which are easy consequences of the defining relations. As long as w contains one of the patterns
in Lemma 2.3, we continue rewriting it. This process will eventually terminate, as rewriting a
pattern strictly decreases the number of letters. This shows that w can be expressed as a linear

combination of reduced words, using relations in £I{,,. U

To show linear independence, we use higher linear rewriting theory, as introduced in [32].
In fact, the case of the loop Hecke category is rather simple compared to other monoidal cate-
gories, and combining linear rewriting (see [15]) and higher rewriting (see e.g. [16]) is relatively
straightfoward; see Remark 2.11 for a discussion. In particular, it allows us to phrase our discus-
sion and review of [32] in terms that resemble the classical theory of Grobner bases [5, 33], or
Bergman’s diamond lemma [3], for associative algebras. We begin with an informal discussion
of the main ideas; they are (semi-)formalized in Section 2.3.1, which gives a minimal review of
the relevant theory from [32]. Section 2.3.2 explains how the theory is applied to the loop Hecke
category, the full details being postponed to Appendix A.

The proof of Lemma 2.4 defined a process that rewrites every word as a linear combination
of reduced words; it is encapsulated in Figure 1 (symbolics) and Figure 2 (diagrammatics). The
idea of rewriting theory is to formalize this process as an algorithm, where each step is called a
rewriting step; by studying the properties of this algorithm, we will deduce linear independence.
More precisely, we wish to show that not only can we rewrite a word as a linear combination of
reduced words, but moreover this linear combination is unigue. The latter is highly non-obvious,
since a word can have two forbidden patterns at the same time, and our process does not choose
which one should be rewritten first (in other words, the algorithm it defines is not deterministic).
For instance the word DU, D can be rewritten in two different ways:

DU+ DD =D,
D.UD @1
Ny D, D+UD-D

Such a pair of rewriting steps is called a (local) branching. While the two rewriting steps have
distinct target, one can check that they confluate, it the sense that one can use further rewriting
steps to reach a common target:

/D+U‘|‘D+D—D+—>D++U—1+D+D—D+\
D.UD D.D+U~-1
Ny D, D4+UD-D —— D.D+U+D—1-D =

We say that the algorithm confluates if every branching confluates; in this case, a word always
rewrites as a linear combination of reduced words in a unique way. In fact, to show confluence
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DD — D DU — 0 vvu —-U UD—-U+D-1

same-label rewriting steps

U.,D—DU, UD,—0 D, U—D,+U-1
DD.D—D.D  D,DD,— D.D
UU.U —»UU  UUU, — UU

distinct-label rewriting steps

D.DU, -0 DU, U—0 D,DU, U, —0

additional rewriting steps

Figure 1: A higher Grobner basis for the loop Hecke category.

it suffices to show confluence of branchings that “overlap”; they are called critical branchings.
For instance, the branching in (21) is a critical branching. If all critical branchings confluate, we
say that the algorithm critically confluates.

Linear combinations on which the algorithm terminates are called normal forms (or reduced);
if a word is a normal form, it is called a monomial normal form. In our setting, monomial normal

forms are precisely LH-reduced words; this is essentially the content of Lemma 2.3. To sum up:

SLOGAN (SEE THEOREM 2.10): If the algorithm in Figure 1 terminates and crit-
ically confluates, then £J{-reduced words define a hom-basis of the loop Hecke
category LI, showing Theorem 2.1.

As a byproduct, we get a solution to the word problem; that is, an algorithm that decides whether
two (linear combination of) words are equal in L. This is the perspective of Grobner bases. For
that reason, the oriented relations underpinning the algorithm may be called a higher Grobner
basis; that is, a Grobner basis for a linear monoidal category.

In the terminology defined in Section 2.3.1:

Corollary 2.5. The higher linear rewriting system given in Figure I is a higher Grobner basis
for the loop Hecke category.

2.3.1. A minimal review of higher linear rewriting theory. We give a minimal review of [32]
suitable for our purpose. In the interest of length, we sometimes stay at a semi-formal level of
explanation. Experts are referred to Remark 2.11 for comparison with [32].

Fix k a commutative ring. Let

C=Xo|Xi|R)gk
be a presented linear monoidal category. This means that:

e X, is the set of generating objects. We write X{; = ob(C) the set of objects generated by
Xo under the tensor product &.
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% % B _
m %2 H-o0 Poowm

same-label rewriting steps

a8 Y Bomeon

o e Dn B

distinct-label rewriting steps

additional rewriting steps

Figure 2: The higher Grobner basis from Figure 1 in diagrammatic notation.

e X, is the set of generating morphisms, or generators, equipped with source and target
maps s,t: X; — Xo. A generator f € X; can be “extended” by identities of objects,
giving a whiskered generator id, ® f ® id,, for each a,b € X{. The source and target

290 maps extend to whiskered generators in the natural way, and whiskered generators with
matching source and target can be composed.
For each pair of objects (a, b), we write X*(a, b) the set of compositions of whiskered
generators with source a and target b, regarded up to the interchange law:

(f ®@idyg)) o (ids(y) ®g) = (idy ) ®g) o (f @ idy()).

An element of X*(a, b) is called a monomial.
295 For each pair of objects (a,b), we write X!(a,b) = (X*(a, b)), the free k-module
generated by the set X*(a,b). An element of X!(a,b) is called a vector. We write X*
(resp. X!) the union of all the X*(a, b)’s (resp. X'(a, b)’s).
e Risasubset R C X!(a,b).

In the case of the loop Hecke Category, we have X, = {1}, X{ = N and X; = {D,U}. Mono-
300 mials are the same as words in symbolic notation, or diagrams in diagrammatic notation.

Definition 2.6. In the context of linear monoidal categories, a higher linear rewriting system
is a presentation of a linear monoidal category, such that each relation comes equipped with an
orientation, and the source of each relation is a monomial.
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In our notation, this means that R is an abstract set equipped with source map s: R — X*(a, b)
305 and target map s: R — X'(a,b). We often abuse notation by writing R for the data (X, | X; | R),
and abuse terminology by calling R a higher linear rewriting system.
Recall that a vector is a linear combination of monomials. For a vector v € X!, we write
supp(v) its support, that is, the set of monomials appearing in the linear decomposition of v.
Let (Xo | X1 | R) be a higher linear rewriting system. We define:

310 e A context 1s a “monomial with a hole”. In diagrammatic terms, a context I is:
[ g ]
r= LTI
| f J

where a,b € ob(C) are objects and f,g € X* are monomials, suitably composable.
Given a context I', we can contextualize a generating rewriting step r: s(r) — t(r) as
I'[r]: T'[s(r)] — [[t(r)], provided source and target are compatible.

e A rewriting step is a rule of the form

AL[r] +v: AT [s(r)] +v — AT[t(r)] + v,

315 where A € k \ {0} is a non-zero scalar, I is a context, » € R is a generating rewriting
step and v € X' is a vector such that I'[s(r)] ¢ supp(v). Again, it is implicit that I'[r] and
v have the same source and target.
We say that AT'[r| + v is a rewriting step of type r. We denote by R* the set of rewriting
steps. Source and target maps naturally extend to R™.

320 For instance, in our example r = DD — D is a generating rewriting step, I' = D, [—|U
is a context and v = UD, v = D,DDU are vectors (in fact, monomials). We have that
I[r] = DyDDU — D, DU is a rewriting step, viewed a contextualization of r. The rule

T'[r] +v=D,DDU + UD — D,DU + UD

is a rewriting step, but not the rule I'[r|+v" = D, DDU+ D, DDU — D, DU+ D, DDU, as it
does not verify the condition on the support. This condition is known as the positivity condition,
325 which explains the notation R™.
Having defined rewriting steps, we have the following notions:
e A rewriting sequence is a finite sequence of rewriting steps («;)1<;<n such that we have
s(aiy1) = t(v);
e A branching’ is a pair of rewriting steps («, 3) with the same source;
330 e A confluence is a pair of rewriting sequences (o, ') with the same target;
e A branching («, f3) is confluent (we say that it confluates) if it admits a confluence (o/, )
such that t(a) = s(a’) and t(B) = s(f).
There is an intuitive notion of the multiset of generators in a given monomial; for instance,
the monomial (D ® id;) o (id; ®D) has generators {D, D}. Given a rewriting step o = I'[r]
335 for r € R a generating rewriting step, we call the multiset of generators in s(r) the “generators

"More precisely, this is the definition of a local branching; we abuse terminology in this review.
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associated to o”’; they constitute the pattern on which we apply the rewriting rule. A branching
(o, B) is monomial if its source s(a) = s(/3) is a monomial. If further o and 3 have generators
in common, we say that («, 3) is an overlapping branching. For instance, the branching given in
(21) is an overlapping branching, as the two rewriting steps have the generator “U” in the middle
of the monomial D, U D in common.

Just like rewriting steps, a branching («, ) can be contextualized as (I'[a], I'[5]); we say that
a branching is minimal if it is not the (non-trivial) contextualization of another branching.

Definition 2.7. In the context of linear monoidal categories, a critical branching is a minimal
overlapping branching.

Definition 2.8. A higher linear rewriting system is said to terminate if there is no infinite se-
quence of rewriting steps, and to critically confluate if all critical branchings confluate.

Now we pause the review to emphasize a special feature of our setting. Note that for a generic
higher linear rewriting system, contextualization needs not be injective. That is, if f, g € X* are
monomials and I is a context, having f # g does not imply that T'[f] # T'[g]®. This is because
we consider monomials up to the interchange law, and as a context may connect two regions of
a diagram, it may allow “floating morphisms” to move from one region to another. This fact is
in contrast with the classical settings of linear rewriting in associative algebras or commutative
algebras, where contexts are indeed injective. This makes the general theory of higher linear
rewriting subtler than its classical counterpart; see [32].

However, in the case of the loop Hecke category, contexts are injective: if f,g € X* are
monomials such that f # g and I is a context, then ['[f] # I'[g]. This makes the theory similar
to the classical setting, and one finds a statement analogous to (say) Bergman’s diamond lemma.

Definition 2.9. In the context of higher linear rewriting system with injective contexts, A higher
Grobner basis 1s a higher linear rewriting system that terminates and critically confluates.

If v € X! is a vector such that no rewriting step has source v, we say that v is a normal form;
if further v € X* is a monomial, then v is a monomial normal form.

Theorem 2.10. In the context of higher linear rewriting system with injective contexts, If R is a
higher Grobner basis presenting a linear monoidal category C, monomial normal form defines a
hom-basis of C.

Remark 2.11 (comparison with [32]). In [32], the interchange law is made explicit as a modulo
rule; in particular, X* denotes the set formal compositions of whiskered generators, not regarded
up to the interchange law. Also, the notion of higher Grébner bases is only implicit in [32], and
equivalent to the notion of a convergent higher linear rewriting system modulo interchangers.
To view Theorem 2.10 as a corollary of the results of [32], one requires a strongly compatible
terminating order invariant under interchangers [32, Definition 3.58]. Since contexts are injec-
tive, an order is strongly compatible if and only if it is compatible, we can choose the smallest
compatible order g for each linear rewriting system R(a,b) [32, Definition 3.48]. Thanks to

8Here the inequality is an inequality as monomials in the free monoidal category X*, not an inequality as elements
of the monoidal category presented by R.
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[32, Lemma 3.41], termination implies that >g is terminating. In other words, having injective
contexts put us in essentially the same setting as associative algebras; see [15].

2.3.2. A rewriting approach to the loop Hecke category. Let R be the higher linear rewriting sys-
tem defined in Figure 1. We have already argued that R terminates (see the proof of Lemma 2.4)
and that monomial normal forms are precisely LI -reduced words (Lemma 2.3). To show Theo-
rem 2.1 using Theorem 2.10, it only remains to show that R is critically confluent. This splits in
two steps: enumerating all the critical branchings, and showing that they confluate. Both tasks
are cumbersome, but apart from the subtlety of indexed branchings explained below, essentially
straightforward.

Enumeration is best done diagrammatically: one tries to match patterns up to rectilinear iso-
topies. See Section 2.1.2 and Figure 2 for the diagrammatics. We illustrate the process with
branchings («, ) where « is of type U, D — DU, and f is of type one of the distinct-label
rewriting steps. The full analysis is given in Appendix A.

Lemma 2.12. The following is a complete list of critical branchings («, 3) where « is of type
U, D — DU, and [ is of type one of the distinct-label rewriting steps:

% g: — g -
Here we describe a branching by its source, leaving its branches implicit. (Boxes with “?” will
be explained below.) For instance, the first diagram encodes the following branching:

N
Gt

~_,

390 Here we remind the reader that we view diagrams modulo the interchange law, so that we can

slide the Ds past each other to be able to apply each of the two rewriting steps. This branching
is easily seen to confluate, as the top branch rewrites to zero using the rewriting step U D, — 0.

Because we work modulo the interchange law, it may happen that an arbitrary diagram is
“stuck” in between two rewriting rules. This happens for instance in the first branching of (23),
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395 where

1
92 1
T

[l |

denotes an arbitrary diagram. This is known as an indexed branching [16], a phenomenon typical
of higher rewriting. A priori, this leads to an infinite family of branchings. However, one can
always rewrite this diagram into a normal form. As we already know that normal forms are
precisely the reduced words, it is not hard to check the following:

400 Lemma 2.13. Denote an arbitrary diagram with a dashed box marked with “?”, different boxes
indicating (a priori) different diagrams. We have that:

' 21 rewrites as a linear combination of |17,

We have an analogous statement when flipping all diagrams along the vertical axis.

This reduces the analysis of indexed branchings to three cases:
-

D= =g and 2i=[] (24)

Lemma 2.14. The critical branchings of Lemma 2.12 are confluent.

-
1
|

v

405 Proof. We have already seen that the first branching of (22) is confluent. The three other branch-
ings of (22) are similar.

Consider the first branching of (23). As we argued above, it suffices to consider the three

cases in (24). In fact, if if?__: = % then both branches rewrite to zero using the rewriting step

UD; — 0. Moreover, if i 27} = |:| then we can use the rewriting step U, D — DU, on both

410 branches to slide this U downward, therefore reducing to the case r_5__: = |. In this latter case, we
have:

Y
2-2-m

The other indexed branching of (23) works similarly. The confluence of the remaining branchings
is straightforward to check. 0J
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3. CARDINALITY OF REDUCED WORDS AND DYCK PATHS

In this section, we prove that the set of reduced words Red(a/{n) (see Definition 1.5), i.e. the
basis obtained in Theorem 2.1, has the conjectured cardinality.

Theorem 3.1. For each n € N, the cardinality ofRed(Z\f]TCn) is (M.

The proof of Theorem 3.1 will consist of two steps.

First, we rephrase the problem in terms of Dyck paths (Lemma 3.3). A Dyck path of semilength
n is a path in the lattice Z? between (0, 0) and (n, n), consisting only of steps u := (0, 1) (u-step)
and 7 := (1,0) (r-step), and such that the path always lies above’ the diagonal d = {(x,y) | x =
y}. A Dyck path can be encoded as words in u and r, reading from left to right as the path goes
from (0, 0) to (n,n); see Figure 3 for an example.

We denote

Dyck,, := {Dyck paths of semilength n}

and for a path P € Dyck,, and (a,b) € Z* we write (a,b) € P whenever (a,b) lies on P.

In the first step we show that the £J{,,-reduced words correspond to the following set.
Definition 3.2. For n € N:
Dyck, = {(P,Q) € Dyck, x Dyck, | (i,i) ¢ P = (i,i)and (i — 1,i — 1) € Q}.

The second step of the proof of Theorem 3.1 will consist of relating 6}7&{” to another set
whose cardinality is easily seen to be the desired one, see Lemma 3.4 below.

Recall that S,,(321) denotes the set of 321-avoiding permutations in the symmetric group S,,

and recall Red(LH,,) C S,(321) x S,,(321) from Definition 1.5. Both 321-avoiding permuta-
tions and Dyck paths count Catalan numbers. There are several bijections realizing that fact; for
our purpose, we are interested in the one given by Mansour, Deng and Du [20].

Although we do not use them explicitly, the references [34, 8] have been helpful guides to the
literature.

Lemma 3.3. The Mansour—-Deng—Du bijection MDD : Dyck,, — S,,(321) between Dyck paths
and 321-avoiding permutations is such that for P € Dyck,, we have (i,i) ¢ P if and only if
s; € MDD(P). In particular, it induces a bijection:

Red(£H,) = Dyck,.

Proof. We describe the bijection MDD: Dyck, — S,(321), following [20, section 2.1]. An
example of the procedure is given in Figure 3, following [20, Fig. 1].

Let P € Dyck, be a Dyck path. A cell is a size-one square in Z? that lies between P and the
diagonal d = {(z,y) | + = y}. We identify a cell with the coordinate (7, j) of its bottom-left
corner. We label each cell with its y-coordinate j. A cell is essential if (i,j — 1) — (i,7) and
(1,7) = (i,j + 1) are steps in P; in other words, if the point (4, j) lies between two “up” steps.
Given an essential step (i, 7), its zigzag strip is the set of cells adjacent to P between (i, j) and
(n,n).

One could equivalently define them to be paths below the diagonal d.



450

455

460

465

A BASIS AND SCHUR-WEYL DUALITY FOR THE LOOP HECKE ALGEBRA 19

9lolo]/

MDD, (01)(02)(070605)(0807)(090%)

Figure 3: Example of the Mansour-Deng—Du’s bijection, following [20, Fig. 1]. The Dyck
path is vuurrruruurvuururrrr. Each cell is equipped with its label, that is, its y-coordinate.
Shadings emphasize the five zigzag strips.

Let S,, be the symmetric group on n — 1 generators oy, ...,0,_1. We associate an element
MDD(P) € S, to the Dyck path P, by induction on the number of essential cells:

e If P has no essential cell, then P = (ru)", and we associate the identity 1 € S,,;
e Assume instead that P has essential cells. Let (i, j) be the rightmost essential cell in P
and let Z be its zigzag strip. Let {i,i+1, ..., i+k} be the set of labels of cells in Z and let
P’ := P\ Z be the Dyck path obtained from P by removing the zigzag strip Z. Note that
MDD(FP') € S,, is defined by induction. We set MDD(P) = MDD(P’) (04 - . . 0i110:).
It was shown in [20, theorem 3] that this procedure defines a bijection between Dyck paths and
321-avoiding permutations. If P is a Dyck path, then (i,7) € P if and only if no cell of P has i
as its y-coordinate, that is, if and only if o; ¢ MDD(P). The lemma follows. 0

The second and last step of the proof of Theorem 3.1 consists in relating ]jy\cT{n to another set
with the expected cardinality:

Lemma 3.4. Denote by Path(n,n — 1) the set of paths from (0,1) to (n,n) consisting in steps
r = (1,0) and u = (0, 1). There is a bijection:

5};6/1{” = Path(n,n —1).

Proof. For each pair (P, Q) € 5}/\&{” we think of P as sitting above the diagonal d = {(z,y) |
x =y}, and @ as sitting below the diagonal. We begin with a few definitions:
o If P (resp. Q) is incident to the diagonal at points (7,7) and (7, j) for 0 < i,j < n, we
write P, ; (resp. (); ;) the sub-Dyck path of P (resp. ()) from (4,7) to (j,7);
e A squiggly P-line is a sub-Dyck path of P of the form P, ;. = (ur)* fori > 1,
o A maximal squiggly P-line is a squiggly P-line P, ;; maximal with respect to k, that is,
such that neither P;_; ;_14% nor P; ;441 18 a squiggly P-line;
We stress the condition ¢ > 1 for a squiggly P-line: a squiggly P-line never contains the first
u-step of P.
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Por : @(bs,?)
tr(Qs,7)

P: P34 = P(Q2,4)
tr(Q2,4)

Figure 4: Definition of (P, Q) for some pair of Dyck paths (P,Q) € Dﬂy&% with
P = wruurruruurrur depicted in black above the diagonal d and @ = rururruurururu de-
picted in blue below the diagonal. The two maximal squiggly P-lines of P are P34 and Fs 7,
shaded in black; the associated sub-Dyck paths of ) are ()2 4 and @5 7, respectively. Their
truncations tr(Q)2,4) and tr(Q)s 7) are shaded in blue. To obtain ¢(P, ), remove the first step
of P, remove P34 and Ps 7 and add ¢(Q2.4) and ¢(Q)s7), obtained by shifting tr(()24) and
tr(Q@s,7) up by one step.

Given a maximal squiggly P-line P, ;, the definition of Dyck,, implies that ();_; ; is a sub-
Dyck path of ), from (i — 1,7 — 1) to (j, 7). Indeed, on one hand P, ;,; is not a squiggly line,
so either (j,7) = (n,n) or (j + 1,7+ 1) ¢ P, and both situations imply that (j,j) € Q; and
on the other hand, P,_; ; is not a squiggly line, so either (i,7) = (1,1) or (i — 1, — 1) ¢ P,
and both situations imply that (i — 1,7 — 1) € (). Let tr(Q;_1 ;) be the truncation of ();_1 ;
obtained by removing the first r-step and last u-step of );_; ;. Let ¢(Q;_1 ;) be the upward shift
of tr(Q);_1 ), obtained by shifting each step of tr(();_1 ;) by one u-step.

For (P, Q) € ]5)70?{“ define p(P, Q) € Path(n,n — 1) by replacing each maximal squiggly
P-line P, j by ¢(Q;_1,;) and removing the first u step of P. This defines a function:

©: ]3;(;{” — Path(n,n —1).

An example is given in Figure 4.

To recover (P, Q) from (P, Q), it suffices to recover which parts of ¢(P, )) come from P.
Let ! = {(z,y) | y = = + 1} be the upward-shifted diagonal (in red in Figure 4). One checks
that a step in ¢ (P, Q) is a part of P if and only if it belongs to a sub-path of the following form:

e the first step of p(P, Q), if this first step is an r-step;
e a sub-path of the form u7'r, where T is a sub-path that lies entirely above [.

This shows that ¢ admits an inverse and concludes. U

Proof of Theorem 3.1. Tt is clear that the cardinality of Path(n,n — 1) is (2nn—1)_ Combining
Lemma 3.3 with Lemma 3.4 concludes. U
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4. BACKGROUND ON QUANTUM gl(1|1) AND ITS REPRESENTATIONS

For a comprehensive exposition of the Hopf superalgebra U, (gl(1]1)) and its representations,
see Sections 2 and 3 of [29]. We stress that our objects are of “super” type and therefore signs
appear.

4.1. Quantum gl(1|1). Fix a basis {1, 5} of the weight lattice P = Z? with a pairing given by

0 ifi#j
<5i75j> = 1 if ¢ :j = 1,
1 ifi=j=2.

This allows us to define by duality the coweight lattice P* = Z?* with basis {hy, hy}. We will
work over the field Q(¢), but one can also work oven any field of characteristic zero with an
element ¢ # 0 which is not a root of unity.

Definition 4.1. The quantum superalgebra U, is the associative unital (Q(g)-superalgebra with
odd generators E, F' and even generators K7-', K, subject to the relations

KKy = K5K]., KHKF =1, (25)
K\E = ¢EK,, Ky.FE = ¢ 'EK,, (26)
KlF = q_lFKl, KQF = QFKQ, (27)

K—-K!
EF + FE = ———, E? =F%*=0, (28)
q—q

where K = K K.

For h = nihy + nahy € P* we set K;, = K" K32, so that Ky = K, Ky = K}, and
K = Ky, 1p, (note that K is central). Note also that /K, V'— K_,,. The superalgebra U, is
actually a Hopf superalgebra, with comultiplication A, counit € and antipode S given below.

AK) =K, ®K, AFE)=EK+1®E, A(F)= F®1+K— ®F, (29
e(Kp) =1, e(F) =0, e(F) = (30)
S(Kn) = K, S(E)=—-EK™, S(F) = 31

Here, the conventions for the coproduct differ slightly from [29, (2.9)] and are rather in line with
[36].

Define a bar involution on U, by E=EF=F, K, = Kh’1 and § = ¢~ !. Then A :=
(-)® () o Ao (-) is also a coproduct with

AE)=E®K '+1®E,
AF)=F®1+KQF,
AK)=K®K.

Denote || the parity of z € U, and set A°P(z) = Y (—1)l2H=2lz o ® 21y in the Sweedler
notation.
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4.2. Representations. Set |c;| = 0 and |¢3| = 1 and extend linearly to amap |e | : P — Z/27Z.
We only consider finite dimensional weight representations: these consist of finite dimensional

U,-supermodules M = @ M) with
AeP

My={veM: K, -v=q¢" v}

and M, in (super-)degree |\|
All simple representations of U, are one- or two-dimensional and are indexed by their highest
weight A € P.

o If (h1+hy, A) = 0 then the simple representation with highest weight ) is one-dimensional:
Q(q)x = Q(q)vy, with |vy| = |A|, and
E.U)\ = F.U,\ = 0, Kh.’l))\ = q<h’/\>1j/\.

o If (h1+hao, A) # 0 then the simple representation with highest weight A is two-dimensional:
L(A) = Q(q)v} @ Q(g)vy with [03] = [l [v;] = [A] + 1 and

Eaf =0, Fv} = [(h1 + ha, N)]v3, Kpo§ = "M, (32)
E.vy =), Fuy, =0, Knvy = q<h’)‘*€1+52>v}\. (33)
where [k] := q;_—qul' is the quantum number.

Example 4.2. The representation V' := L(e;) is called the vector representation. In this case
(h1 + hg,e1) = 1 and hence also [(h; + hy, £1)] = 1. Furthermore ¢"A—c1+e2) = ¢(he2) To ease
notations, we will drop the subscript £, in the vectors vgl and 1);2 of the vector representation V.

The tensor product of two-dimensional simple representations follows an easy rule. If A\, i €
P are such that (hy + ha, A), (h1 + he, 1) and (hy + hg, A + u) are nonzero then

L) ® L) & L+ 1) ® L+ p1— €1+ £3). (34)
If (hy + ho, A + ) = 0, then the representation L(\) ® L(u) is indecomposable.

4.3. Braiding and Schur—Weyl duality.

4.3.1. The quasi- R-matrix and braiding. The monoidal category of finite dimensional weight
representations can be endowed with a braided structure. For this, we introduce the quasi-R-
matrix © defined by

0=1®1-(¢q—¢HE®F.
Since our coproduct is not the one of [29], we also have a different quasi- R-matrix. We also
define a morphism of superalgebras ¥: U, ® U, — U, ® U, by

U(K,®1)=K,®1, VER)=EQ K, V(F®e1l)=FQK,
V(1@ Ky) =1 K, V1®FE) =K '®F, V1@ F)=K®F.

From here and onward, given an elementz = ) . a,®b; € U, q®2, we denote by x5 the element
>, a;®b; @1, by x13 the element ) . a; ® 1 ® b; and by 93 the element ) ©. 1 ® a; @ b;. We use
a similar notation for morphisms. The following are straightforward calculations.
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Proposition 4.3. Let x € U,. We have

(1) OA(z) = A(z)6,

(2) Alx) = V(A(x)),

(3) A ® ld(@) == ‘1123(@13)@23,
(4) id®A(O) = U15(013)O12.

4.3.2. Braided structure on the category of representations. The above quasi- R-matrix O is used
to endow the category of representations of U, with a braided structure. For A/ and N two weight
modules we define Oy y: M @ N — M ® N and fyyn: M @ N = M ® N by

Ounimen)=men—(-1)"(q-¢HYEm e Fn,

form € M andn € N, and
fun(men) =q¢"men
if in addition m € M, andn € N,,.

Proposition 4.4. We have that fy; n © Oy intertwines A and A°P:
Vo € (]q7 fM,N ¢} @M,N ¢} A(ZL‘) = AOp(f) o fM,N o @M,N~
Proof. This follows from Proposition 4.3.(1) and Proposition 4.3.(2). O

Now set Ry v = fun © Oy v and RM,N = 7o fyn © On N, Where T is the super-twist,
which is defined by 7(m ® n) = (=1)mH"n @ m,

Theorem 4.5. The map R is a braiding in the category of U, weight representations.

Proof. The map RM7 ~ 18 Ug,-linear thanks to Proposition 4.4. The hexagon axioms follow from
Proposition 4.3.(3) and Proposition 4.3.(4). Il

4.3.3. The vector representation and a Schur—Weyl duality. Recall the vector representation V' =
L(e1). An iterated use of (34) yields

—_

vem = (N [((m — ey + Les)®(" ), (35)
4

3

Il
o

Thanks to the braiding, the representation VV®™ is acted upon by the braid group on m strands,
and this action factors through the Hecke algebra H,(S,,). To be more precise, the map

g; —> q_l ld®Z ®RV,V ® id®(n_i_2))

defines an action of the braid group which factors through the relation 0 = (1 — ¢%)o; + ¢?id.

A Schur—Weyl duality between U, and the Hecke algebra H,(S,,) has been shown indepen-
dently by Moon [24] and Mitsuhashi [23].

Theorem 4.6. The algebra U, and H,(S,,) centralize each other in End(V®™); that is, the
action of H,(S,,) generates Endy, (V™) and the action of U, generates Endp,s,,) (V™).



560

565

570

24 G. JANSSENS, A. LACABANNE, L. SCHELSTRAETE AND P. VAZ

More precisely, there is a decomposition
~1

L(mey — L(e1 — €2)) @ Shi(m—t,e41) (36)

1

3

o =

~
I

as U, ® H,(S,,)-representation, where Shi(m—t,0+1) IS the Specht module for the hook partition
with length m — { and height { + 1.
To complete the picture, we exhibit the matrix of q_ley on the basis
(0 ®°, 0! @00, ¢ @ vl g ol @ ot}

We recover the matrix for the Burau representation of the braid group (with ¢t = ¢~2):

1 0 0 0
0 (1—t) t 0
0 1 0 0 37
0 0 0 —t

Note that the chosen basis is the tensor product of two different bases of V: {v° v'} and
{v%, ¢ "'}
5. A SCHUR-WEYL DUALITY WITH U, (gl(1]1))=°

The goal is now to enhance the Schur—Weyl duality between the Hecke algebra and U, to a
Schur—Weyl duality involving the loop Hecke algebra. We denote by UqSO the subalgebra of U,
generated by iy, K5 and F.

5.1. An LB, -representation via an R-matrix for Uqﬁo. Inspired by the notion of a twist in a
quasi-triangular Hopf algebra, as introduced in [27], we define, for any two U, weight modules
M and N,amap Sy n: M @ N - M ® N by

Su(m @ n) = ¢ @ n,

where m € M, and N € N,,.

Proposition 5.1. We have that Sy intertwines A and A on U=°:
Vo € U, Sy o A(x) = A%(x) o Sy v

Proof. The calculations for x = K, and x = K are trivial. Forx = F,m € M, andn € N, ,
we have:

Sun(A(F)-m@n) = Sy n(Fm®n + (=1)mgmr2m @ Fn)
— q(/tl—l)VQ—(lt2+1)V1 Fm®n+ (_1)|m|qm(V2+1)—H2(V1—1)—u1—u2m ® Fn
= g (g P @+ (= 1D)Mm @ Fn)
= A®(F)(Sun(m @ n)),
the equalities being obtained from the definition of Sy, x and of A. U
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Remark 5.2. The map S); y does not intertwine A and A°P on U,. One may check that Sy, n o
A(E) 7£ AOP(E) o) SM,N but SM,N o} AOp(E) = A(E) e} SM,N-

We now set Sy, n = T 0 Sy n, Where 7 is the super-twist, as usual.

Proposition 5.3. The map S is a symmetric braiding on the category of U qSO weight representa-
tions.

Proof. It remains to check the hexagon axioms and that S N,M © S w,n 18 the identity. Given three
weight modules M, N and L and m € M,,n € N, and ¢ € L), we have

SM@NL(m Qn f) —_ q(,u1+1/1))\2—(uz+l/2))\1(_1)(\m\+|n|)\€|€ ®men,
and
(S’MJJ X idN) ©) (1dM ®5'N,L)(m XN 6) = qulAQ*VQ)‘l(—1)'””6‘SM7L(m X 6) XN

— quAZ—V2>\1+M1>\2—M2/\1 (_1)|n||f|+|m||é\g Qmen,

which shows that the hexagon axiom Sy NL = (S v ®idy) o (idyy ®S ~.1) holds. The proof
for the second hexagon axiom is similar. The axiom of symmetry is easy and omitted. U

The goal is now to show some mixed relations satisfied by R and S.

Proposition 5.4. Given three UZ° weight modules M, N and L, we have

(1) (SN,L®idM)O(idN ®RM,L)O(EM,N®idL) = (id, ®}:%M,N)O(BM,L®idN)O(idM ®SN,L),
(2) (RN,L®idM)O(idN ®SM,L)O(SM,N®idL) = (idL ®SM,N)O(SM,L®idN)O<idM ®RN,L)-

Proof. We start by noticing that
(idy ®Sn.1) © Onrver = Omren o (idy @Sy.1). (38)
Indeed, the maps O, 1, and O/ 1o are induced by the action of IQA(1)—(¢—q¢ ') EQA(F),
and Proposition 5.1 implies that, for any m € M,n € Nand /¢ € L,
(ida ®Sn,L) © Omner(m@n & f)
=me Sy (n®) —(q— ¢ HERA®F) - (m® Syr(n®1{)).

It remains to apply the super-twist 723 in order to obtain (38).
Now, we have

(Sn.p ®idys) © Ry ner = T3 © T2 0 (idy ®Sn.1) © farnern © Oumver
= Ty30T120 furNer © (da ®SN,L) °cOmNeL
= T93 0 T12 0 far.Len © Onrren © (idy ®S.1)
= Ryner o (idy ®Sn1),

the second equality is due to the fact that idy; ® Sygr and fi; gz commutes and the third
equality is a consequence of (38). We finally obtain (1) using the hexagon axiom for the braiding
R. The proof of (2) is similar and ommited. O
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Now consider the assignment

o; = id2 L @Ry @id2m !
v oY o) (39)

U, : LB, — End, <o (V") : 4 -
Uq<0( ) { pPi — id{e;}il ®SV,V X 1dV(

Theorem 5.5. The triple (V, R,S ) is a loop braided vector space, i.e. the map V,, constructed
in (39) defines a well-defined representation of LB,,. Moreover, V,, factors through LI{, for
t=gq?

Proof. That V,, is a well-defined map on LB,, follows from Theorem 4.5, Proposition 5.3 and
Proposition 5.4 applied to the vector representation V.

To see that W, factors through L£J(,, we need to check the quadratic relations, which we
compute directly on V' ® V. In the basis

(00,0 @0 + ¢’ @ vt ol @00 — @ @ o, vt @ vt}
of V' ® V, which is a basis realizing the decomposition V ® V' ~ L(2¢,) & L(e; — £2), we find
that the matrices of ¢ 1RVV and of SVV are respectively

10 0 0 10 0 0
01 0 0 01 —q(¢g—q) 0
00 —¢2 0 and | 1 0
00 0 —g¢? 00 0 —1
The quadratic relations then follow immediately from a matrix calculation. U

Remark 5.6. The representation F, deﬁned in (13) (by [12]) coincides with W,,. Indeed, the
basis {0 ® vsl,vsl @ v, ¢ @l gl ® vl } of V @ V, the respective matrices of
¢ 'Ry, and Sy are given by

1 0 0 0 100 0
0 (1—¢2) ¢2 0 001 0
0 1 0 0 and 010 1
0 0 0 —q2 000 —1

These matrices correspond to the matrices in [12] for ¢t = ¢ 2

5.2. Schur-Weyl duality for the loop Hecke algebra. Recall that V' denotes the vector rep-
resentation L(e;) of U,. The aim of the remainder of this section is to obtain the following
Schur—Weyl type statement.

Theorem 5.7. If ¢ # +1, then the morphism V,, defined in (39) yields a Q(q)-algebra isomor-
phism from L3, to End;;<o (V™).

To obtain Theorem 5.7 we need to compute dim Enqugo (V®™). To do so we will decompose
Enqugo(V®”) in smaller pieces which will be proven in Section 6.1 to be meaningful pieces of

the Wedderburn—Mal’cev decomposition of the endomorphism ring.
First we note that the decomposition in (35) is not one of simple U, qﬁo—modules as each L((m—
0)eq + leq) has a submodule:
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Lemma 5.8. Forany 0 < { <n — 1 the Uqgo—modules L((n — £)ey + Ley) are indecomposable,
but non-semisimple. They have a composition series

{0} € Q(q)v: © L((n — O)er + Lles).

Furthermore, the basis elements v° and v} have weight (n — l)ey + leq, resp. (n — € — 1)y +
(é + 1)52.

Proof. The weights of v? and v! are recorded in (32) and (33). From these equations we also
see that Q(g)v! is indeed a Uy "-submodule. As it is 1-dimensional it is simple. Moreover,
a direct computation yields that it is the unique submodule and hence it equals the socle of
L((n — £)e; + ley) which consequently is not semisimple, but indecomposable. O

(AL: It feels more natural to have some statement classifying the simple weight U qﬁo-
modules (we also need to keep the wording module or representation throughout). Since
F? =0, it is easily seen that the simple weight modules are of 1-dimensional, and therefore
labeled by their weights. Once this done, we go through the restriction of the simple U,-
modules, and we give the (obvious) composition factors, since we will use it. Then, we can
turn to the restriction of the tensor space.)

For ease of notation we denote for the remainder of the paper

Ur? = Uy(gl(1]1))=" and L(¢) := L((n — {)e; + le3)). (40)
Using (35) we obtain that
End,«(V®") = € Homy< (L(0), Lk 41)
! 0<l,k<n—1 !

We will now determine the dimension of each summand in (41). Firstly, Lemma 5.8 tells that
L((n—1{)e1+Ley) and L((n—k)e1 + keo) have no common weight if |k —¢| > 1. More precisely,
then their composition series has no common factor and hence the Hom-space is zero. Thus it
remains to consider the case that |k — ¢| < 1.

Proposition 5.9. For any n € N>, one has that
n—1 n—1
Endy,<0 (V") = @ End o (L(0)°C)" & @) Homyeo (L(0), L(¢ — 1)) ()
=0 =1

wtih every summand a 1-dimensional Q(q)-vector space. Furthermore:

_ n 2n —1
dlmEIlqugo(V@) ) = ( . )
Proof. Consider a summand Hom, <o (L(€), L(k)) from (41). First suppose that k& = /, i.e.
consider Enqugo(L(é)). As they are endomorphisms of multiplicity-free finite length modules
we obtain that
End; <o(L(£)) = Q(q)1d. (42)

Next, let k = ¢ + 1. By Lemma 5.8, L(¢) has basis vectors v{ (weight (n — {)e; + lg3)
and v; (weight (n — ¢ — 1)e; + (¢ + 1)e,). Similarly L(¢ + 1) has basis vectors v}, ; (weight
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(n— € —1)ey + (£ + 1)ey) and vy, (weight (n — £ — 2)e; + (£ 4 2)e,). Therefore, a weight
argument shows that a non-trivial ¢ € Hom <o (L(€), L(¢ 4 1)) satisfy ¢(v)) = 0 and should
send v; onto a multiple of vy, ,. However recall that Q(¢)v; = Rad(L(()). Since radicals are
invariant, one should have that p(v;) € Rad(L(¢ + 1)) = Q(q)v;,,. In conclusion, ¢ = 0.

Finally let k = ¢—1. Now L({—1) basis vectors v§_, (weight (n—{+1)e;+({—1)ep) and v} _,
(weight (n—{)e; +{ec). Again by a weight argument a non-trivial ¢ € Hom, <o (L(¢), L({ — 1))
must satisfy ¢(v;) = 0 and ¢(v)) € Q(¢)v;_;. This time the latter is no contradiction with
preservation of the radical. In conclusion

V) = 2o}
Homyzo (L0, L6~ D) = {0+ { 75" rc0 } 0w @
K [
which is 1-dimensional, as desired.

It remains to prove the moreover part. This readily follows by taking dimensions in the vector
space decomposition just obtained:

amma - E ()8 () 02 - () ()

where in the second equation we have used well-known binomial coefficient identities. It is also
classical that the last expression equals ('), finishing the proof. O

n

We have now the necessary tools to conclude.

Proof of Theorem 5.7. By Theorem 5.5 the representation ¥,, coincides with F,, defined in (13).
It was proven in [12, Theorem 5.8] that dim im(F,) = (**~') which equals dim Enqugo(V®”)
by Proposition 5.9. Hence ¥,, = F,, is surjective. Now if ¢ # =£1, then LI, is isomorphic
to Z\JTC,Z by Theorem 7.1. Solely using that the Z\ﬂ/{n—reduced words Red(z\ﬂ/{n) generate Z\f}/{n
(cf. Lemma 2.4), we obtain that dim £H,, < [Red(£H,,)| with the upper bound equal to 1

n

by Theorem 3.1. Thus comparing dimensions with the co-domain we see that W,, must be an
isomorphism. U

Remark 5.10. Note that the proof Theorem 5.7 yields an alternative way to obtain that the Eﬂ/{n—
reduced words are linearly independent.

6. A RING AND REPRESENTATION THEORETICAL PERSPECTIVE ON LOOP HECKE ALGEBRA

In this section we make use of Theorem 5.7 to study the loop Hecke algebra in more detail
through the isomorphic algebra End,; <o (Vem.

6.1. Description of the semisimple part and Jacobson radical. If A is a finite dimensional
algebra over a perfect field k, then the theorem of Wedderburn—Mal’cev yields that there exists a
maximal semisimple subalgebra By, in A such that

A= B, @ Jac(A) (44)

as a k-vector space. In (44) Jac(A) denotes the Jacobson radical of A and By, is unique up to
an algebra automorphism of A. The aim of this section is to describe the constituents of (44)
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for the loop Hecke algebra. More precisely, we will use Theorem 5.7 to instead describe the
Wedderburn-Mal’cev decomposition of the isomorphic algebra End,,<o (V™).

6.1.1. The Wedderburn—Mal’cev decomposition and application. To start, recall the notations
U, qgo and L(¢) from (40) and consider the following constituents of the decomposition obtained
in Proposition 5.9:

N = End,,«0(L(6)*(7") and Ry := Homyo (L(£), L(¢' — 1))°(')G-).

Theorem 6.1. For any n € N>, and with notations as above, we have that:

(1) @2:01 Ny is a maximal semisimple subalgebra with N, a simple factor',
(2) @Z:_ol Ny = Endy, (V") = Super Temperley—Lieb algebra,
(3) J( Enqugo(V®")) = @, Ry and has square-zero"!

Moreover, for 0 < 1,5 < n — 1, denoting by e; the identity of N;, we have:

ej EnquSO(V@)n)el = Rl lf‘] =9 — 1,
0 else.

Before proving Theorem 6.1 we discuss some consequences.

Remark 6.2. A consequence of Theorem 6.1 and Theorem 4.6 is that the Hecke algebra H,,(S,,)
surjects onto End,;<o(V®")/J( End,,<0(V®")). Now recalling that the Jacobson radical is pre-

served under morphisms and using Theorem 5.7 we obtain that
H,(S,) —» LXK,/ J(LIH,)

when ¢t # +1. It would be interesting to have an 1 explicit description of a basis for the pieces

U~1(N;) and V~1(R;), i.e. to describe for every LI(,-reduced word where its image under ¥
lives. Note that it follows from Theorem 4.5 that

\I/(O'g) e Ny
forevery 0 < /¢ <n—1.

The elements {ey, ..., e, 1} form a set of orthogonal idempotents that add up to the identity:
idyen = €g + - - - + e,_1. Thanks to this one can consider the associated Peirce decomposition

End;<o (V") = P - End;<o(VE")e;
0<i,j<n—1
which allows one to consider End, <o(V*") as a n x n matrix algebra with e; End, <o(V*")e;

as entry (4, j). Associated with this one can consider the n x n-matrix M = (M, ;)o<i j<n—1 With

M;; == dime; End ;<o (VE")e;.

10That Ny is a simple factor means that N, is a simple ring and a two-sided ideal of @};;01 Ny.
This means that J( EndUgo (V®"))2 = 0, i.e. the product of any two elements is zero.
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In [12] the matrix M is referred to as encoding the “structure of the algebra”. In [12, Section 6
& Conjecture 6.4] a conjecture was formulated for the form of M. As a corollary of the above
we now confirm their conjecture.

Corollary 6.3. Denote, for 0 < { < n—1, by wy := (";1) the (*" entry of the n'" row of Pascal’s
triangle. With notations as above, we have that

w0 0 .- 0 0
wowy; w? 0 - 0 0 1
0 wiwy w3 0 I
1W2

0 0 .. .. 0 1 1
w2, 0

0 e 0  Wp_oWp_1 w%_l

where D = diag(wg, - -+ , w,_1).

The second equality in Corollary 6.3 was added as it is in this form that Damiani-Martin—
Rowell formulated their conjecture, see matrix M? in [12, Section 6].

Proof of Corollary 6.3. In Theorem 6.1 the form of the corners e; Enqugo (V®™)e; has been de-
scribed. Now recall that by Proposition 5.9

dim Enqugo (L(é)) = dim HOIIqugo (L(gl), L(E, — 1)) =1

forall0 </ <n-—1land1 < /¢ <n— 1. Hence dim N, = ("21)2 and dim Ry = (",") (3 _1).

which proves the first equality. The second equality is a direct matrix multiplication. U
Remark 6.4. In [12, Conjecture 6.4] the form of the matrix M was only implicitly formulated
for the loop Hecke algebra LI, itself. Instead, they conjectured that the structure of certain
quotients of LJ{,, was given by some truncations of the matrix M. In Section 7.2, we will prove
that, unexpectedly, these quotients are trivial. Thus, the conjectured form is valid solely when no
quotient is applied.

6.1.2. Towards the proof of Theorem 6.1. To start, recall (35) saying that
n—1

V®n = @ L((n — 5)81 + €€2)®(n21).

For the remaining of the section we order the copies of V®" from 1 till (” 1). Accordingly
denote

Ly := k™ copy of L((n — £)e; + ley) in VO™
with 1 < k < (", ). Note that Proposition 5.9 now in fact tells that
el n/l )
End <0 V® @ @ Hom <0(Lgk,Lgk/ @@ @ @ Hom <0 Lg/T,Lg/ 1r>

= Olgkk'g(” 1) =1 r=1 /=1

(45)
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Now for ¢ € Homy,<o(Ly, Le ) and ¥ € Homy,<o(Lyr ., Ly—1,) we directly see from (45)
that
potp A0 L= —1andk=1r". (46)

In that case ¢ o ¢ € Hom <o(Lg ., Ly_1 ). Similarly,
Yop#0&= ' =Candr =k 47

in which case ¢ o ¢ € Hoqugo(Lz,k, Ly_1,).

Proof of Theorem 6.1. In terms of the notations above we have by definition that
("a") (0=3)
Ng = @ HOHqugo (Lg,k, L&k/) and Rg/ = @ @ HOHqugo (Lg/}r, Lé/fl,r/)-

1<k k' <(")) r=1 r/=1

From (46) and (47) it directly follows that @Z;ll Ry is a two-sided ideal of End, ;<o (V®") whose
square is zero (i.e. the product of any two elements is zero). Those equations ‘also imply that
Ny Ny, = 0for 0 < ¢; # ¢, < n — 1. Hence the vector space decomposition QB?:_OI Ny
is also one of rings and in particular N, is a two-sided ideal of @2:01 N,. Since all spaces
HOIIqugo(LgJﬁ L) are 1-dimensional, by Proposition 5.9, (46) and (47) also imply that the
two-sided ideal (inside @;:01 Ny) generated by any 0 # ¢ € HOHqugo(Lg,k, Ly ) is the full of
N,. From this we infer that /V, is a simple ring, finishing the proof of part (1) of the statement,
except the maximality. The latter will follow if we prove that the vector space complement
EBZ’,; Ry, see (45), equals the Jacobson radical.

Next note that since @2‘,;11 Ry is a nil-ideal, being of square-zero, it is contained in the
Jacobson radical. Recall that for Artinian algebras the Jacobson radical is also characterized
as the smallest (two-sided) ideal such that the corresponding quotient is semisimple. Now as
End;<o(V")/ D, _\ Ry = @), N, is semisimple, by the statement obtained earlier, we ob-
tain the other inclusion and finishing both statements (3) and (1).

Concerning the moreover part, note that

€;, = Z idk,k/
1§k’,k’/§("zl)

where idy, ;v is the canonical identification of L, and L, ;. With this description and using (46)
and (47) the moreover part follows directly.
Finally, for statement (2) note that (42) shows that Enqugo(L(ﬁ)) = Endy, (L(¢)). Since the

modules L(¢) are simple U,-modules, the latter and (35) implies that
n—1 n—1 N2
P N = @ Endy, (L(0)®(")") = Endy, (VE").
=0 =0

Now it was proven in [28, Section 4] that Endy, (V") is isomorphic to the super Temperley—
Lieb algebra. U
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6.2. A description of the Ext-quiver and Cartan matrix. Consider the primitive central idem-

potents {eq, ..., e,_1} described in Theorem 6.1. As the idempotents are orthogonal and 1 =
Z?;Ol e; one has the associated decomposition in blocks:

n—1
End<o(V®") = €D End, <0 (VE").s
=0

A block End, ;<o (V®").¢; can be further decomposed into
EndU§0<V®n)'€i = Pl@mi

where {Py, ..., P, 1} are representatives of the isomorphism classses of indecomposable pro-

720 jective (left) modules. Their head P;/J(F;) is simple which we denote by S;. Below, in Propo-

725

730

sition 6.6, we will describe these modules explicitly and also the multiplicities m;.
For a finite dimensional algebra A, the Cartan matrix C(A) is an n x n-matrix whose " row
encode the multiplicity of each simple module in the composition series of F;:

C(A);; = dimHomy(P;, P;).

The Ext-quiver () 4 encode a complementary piece of information: its vertices are given by the
simple modules S; and

#S; — Sj = dim EXth(Si, Sj)
In [12, Theorem 5.7 & Corollary 6.1] both were described for the algebra SP, := F,(k[LB,])
with F,, defined in (13). When ¢ # =+1 it follows from Theorem 5.5 and Theorem 5.7 that
SP, = Enqugo (V®™) and hence their description also hold for the latter. We now give a direct

proof, for any ¢, for the Cartan matrix and Ext-quiver of End <o (V®").

Theorem 6.5. Let A := Enqugo(V®”) forn € Nsy. Then the Cartan matrix is
1
11
CA)=( 1 1

and the Ext-quiver () o with relations is the A,,-quiver with the composition of two arrows zero:

n—1- n—2 n—3 --- 2= 1 =

The proof of Theorem 6.5 will quickly follow once we constructed explicitly the simple and
indecomposable projective modules. To do so, we use the notations from Section 6.1.2 and the
statements obtained there.

Defineforl1 </<n—1landl1l <k < (”;1):

(:21) (")
S&k = @ HomU(;o(Lg’k, Lg,l,r) and Pg}k = Sg,k D @ HOqugo(Lg’k, Lg’k/) (48)

r=1 k'=1
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If / = 0, then (”;1) = 1 and we define Py, := Hom,<o(Lo,1, Lo1) and Sy = {0}. Note that,
in terms of Theorem 6.1, S, correspond to all endomorphisms in the radical which are zero
outside a fixed Ly, and P, to all morphisms in Enqugo (V&™) outside a fixed Ly .

Proposition 6.6. With notations as above we have:

(1) Py, is an indecomposable projective module and it is cyclic,
(2) {0} C Six € Py is a composition series,

(3) JCLC(Pg,k) = SOC(Pg’k) = Sg,k,

(4) Py, = Py, i, if and only if {1 = Uy,

(5) Enqugo(V(Xm).eg = Pﬁlme with my = (nzl)

Proof. Using (46) and (47) it is easily seen that Sy, and P, are left modules. Furthermore by
construction, see (45),

End <o V®n = @ @ ng (49)

=1 k=1

Thus the complement of % in End <o(V®”) is also a left-module and hence P, is pro-
jective. Next, again using (46) and (47) is readily verified that S, is simple and the only sub-
module of P ;. In particular P, is indecomposable. Furthermore via analogue computations
one sees that Py /Sy is simple and that Py, is generated as left module by any 0 # ¢ €
Hoqugo(LM, Ly ) (for any k'), finishing the proof of statement (1) and (2). Statement (3) fol-
lows from the second. Next, assertion (4) holds by definition and the explicit description of the
hom-spaces obtained in (43) and (42). Finally, statement (5) follows from the fourth and that by

construction Enqugo(V‘@")eg = @,S:ﬁ ) Pyy. O
We now have the necessary tools to prove the main result of this section.

Proof of Theorem 6.5. As representatives for the indecomposable projective modules we take the
modules P, ; which we denote by P, for ease of notation.
Consider 0 < 4,5 < n — 1. We want to compute Hoqugo(R-, P;). Since the modules P,

are cyclic generated by any 0 # ¢, € Hom<o(Ly,1, Ly ), it is enough to determine the im-
age of ;. From (46), (47) and the composition series in Proposition 6.6 it now follows that
Hom, <o(F;, P;) = 0if i # j or j — 1. It also implies that if i = j, then End(F;) consists of
scalar endomorphisms. Finally if ¢ = j — 1, then any morphism is of the form ¢* = (—) o9 with
w S HOqugo (Lg’l, Lg,1,1>. Note that

Y*(Soc(Pj_1)) = 0and " (Pj_1) = Jac(P). (50)
Altogether we obtain the stated form of the Cartan matrix.

For the Ext-quiver we need to compute the values dim Ext'(S; 1, S;1). Now recall that
dim Ext'(S; 1, ;1) = dim Hom v (P, Jac(P,) /Jac(P;)?).

From Proposition 6.6 we know that Jac(P;) = S;; and consequently Jac(P;)* = {0}.
particular we need to count morphisms from P; to F;. From the computations earher mind the
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switch in the role of ¢ and j, we know that this forces j =7 or ¢ — 1. If ;7 = 7 the endomorphisms
are scalar multiples of the identity and hence the image is not in Jac(F;). If j = i — 1, then (50)
yields that dim Hom,,<o (Pj, Jac(FP;)) = 1, finishing the proof. 0

Remark 6.7. One could also have worked with right modules. In that case one has the analogue
of Proposition 6.6 but for the following right modules:

(") (i)
Séi)l,k" = @ HOIango (Lg77~7 Lf—l,k/) and Pf(i)l,k)/ = Slgi)l,k/ D @ HoqugO (Lg_Lk, Lé—l,k’)
r=1 k=1
(5D

with) < /—-—1<n-2andl1 <k < (’Z:ll) For / — 1 = n — 1 one defines P,,_1; =
HoquSO(Ln—l,la Ln—l,l)-

7. EQUIVALENCE BETWEEN THE PRESENTATIONS AND CONSEQUENCES

The main aim of this section is to prove the following crucial result.

Theorem 7.1. The loop Hecke algebra LI, (Definition 1.2) and the algebra Z\ﬂ/{n (Defini-
tion 1.4) are isomorphic under the following change of coefficients:

(1) when we localize at t,t + 1:

1
LH, Ry Z[t"] [—

t+1

— ]_
~ +1
til}_Lan@JZZ[t ][ 1

(2) when we specialize att = 0:
@9‘(“ ®Z[t] 7 = LAJJ{R,

where 7. is viewed as a Z[t]-algebra with t acting as 0.
In both cases, the isomorphism is explicitly given by the following mutually inverse maps:

Corollary 7.2. Let k be a field and t € k with t # +1. We view k as a Z[t]-algebra via the map
t — t. Then the algebras LH,, Rz k and LI, @7 k are isomorphic.

Combining with Theorem 2.1 and Theorem 3.1, we get:

Corollary 7.3. Under the change of coefficients (1) and (2) as in Theorem 7.1, the loop Hecke
algebra LH,, is free of rank %(2:)

In what follows, whenever we work over a field k as in the corollary above, we write { instead
of t.
As an application we describe in Section 7.2 the quotient of LI, by the two-sided ideal

generated by

(J+1)

XU = (01— p1) - (05— py)
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for 1 < j < n. Concretely we obtain that if t # =+1, then (£H,, ®z41 k)/(x"")) = k which
disproves [12, Conjecture 6.4]. However as a by-product this yields an interesting counit, i.e.
structure of augmented algebra.

Finally, the presentation of the loop Hecke algebra in the generators {p;, D;} has quite some
similarities with the Hecke-Hopf algebra H(S,,) introduced by Berenstein—Kazhdan [2]. In Sec-

—

tion 7.3 we show that H(S,,) canonically surjects as an augmented Z-algebra onto L3, but the
kernel is not a Hopf ideal. In fact, we check that for small n the loop Hecke algebra is not a Hopf
algebra, raising the question of whether there exists a variant of the Hecke-Hopf algebra for the
loop Hecke algebra.

7.1. Proof that both presentations are equivalent. In this section we prove Theorem 7.1. It
is readily verified that the maps in Theorem 7.1 are each other’s inverses. Hence, it remains to
prove that the maps are well-defined.

Now consider the application

(b: L:}Cn|t75:|:1 — LJ{n't;ﬁﬂ:l : { pi — U'L . Dz

defined in Theorem 7.1. We must show that the image under ¢ of the defining relations in Def-
inition 1.2 imply the defining relations in Definition 1.4, and vice-versa. It is easy to check that
the image of the distant-label quadratic relations (4) imply the distant-label quadratic relations
(11), and vice-versa.
As in Section 2.1.1, we abuse notation and write
U=U;and Uy := Uy,
and similarly for D, p and o.
Remark 7.4. The relations D, DD, = D, D and UU,U = U.,U in the presentation of L},

are consequences of the same-label relations and the relations UD, = 0and Uy D = DU,. One
can see that by simplifying D, U, DD, (resp. UU, DU) in two different ways.

7.1.1. A first look at the relations. The image under ¢ of the same-label relations (5) and (6) in
the o’s and p’s is:

(U—tD —1)(U—tD +1t) =0, (U—-D)*—1=0,
(U=D—-1)(U—-tD+1t)=0 (U—tD—1)(U—-D+1)=0.

When ¢ — 1 is invertible, these relations are equivalent to the same-label relations in the U’s and
D’s (7). Indeed, if we write g1, g2, g3 and q4 the left-hand side of these relations, we have that:

1
W(QQ—CM—QS‘F%):DQ—D;
1

1
75—1(Q3—Q1):DU—tD2+tD and t—l(QQ_QS)ZUD_DQ_U+1’

which concludes using gs.
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On the other hand, the braid relations in the p’s and ¢’s (2) and (3) give:
(U = aD)(Uy = bD4)(U = bD) = (U = 0D, )(U — bD)(Uy. — aDy),
where (a,b) = (1,1), (1,t), (¢,1) or (¢,t). Expending gives the family of relations:
Ty = UULU-UUU,

—a(DULU - ULUDy,)
-bUDU+UULD—-U,DU, — D, UU,)
+ab(DD,U+ DU, D—-U,DD, — D,UD,)
+bv*(UD,.D — D, DU,)
—ab*(DD,.D — D,.DDy,)

Here we say “the relation r(,)” to refer to the relation r(,; = 0. One checks that the defining

relations of LJH{,, imply the above (family of) relation(s). It remains to show that this (family
of) relation(s), together with the same-label relations, implies the remaining defining relations of
LH,.

We have two cases: (1) the case when ¢ is invertible (Section 7.1.2) and (2) the case t = 0
(Section 7.1.3).

7.1.2. Case (1).

Step 1. We compute the following relation, simplifying with the same-label relations:
1
S1 = m (t?’r(l’l) — t27’(17t) —t 7"(,;1) + T(t,t) U

)
(3 )
+ U+ (t37” 1 1 - t 71(1 t) - t 7/.( ) _'_ T(t’t))
— Dy (Brayy —tray — tran Ftres)

( )

(-1

= tUD,U —tDU, U —t*D, UD, + t*D, DU,

This gives a new relation between words of length three.
Recall that by assumption of the case at hand, ¢ is invertible. We compute the following, again
using the same-label relations to simplify:

-1
2t — 1) (Dysy+ 51U —s1) =D, UD, — D, DU,.

This gives a relation between two words of length three.

trag — T(t,0)

So =

Step 2. We derive further relations from s; and so. Multiplying s, on the right with U, gives
D+UD+ - D+DU+ - O
Combining with s, gives UD, U = DU U, using the assumption ¢ invertible. Multiplying this

relation on the left by D gives
UD,U=DU,U =0.
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In turn, we can derive further relations from the relation above by multiplying on the left and
on right in such a way that the pattern U D (or U, D) appears, and simplifying with the relevant
same-label relation. This gives:

U+U_D+ - U_D+, D+DD+ - .D+D, U+DU+ - DU+
and U+DD+ - U+D + DD+ — D

UD+D — UD+, UU+U — U+U, DU+D — DU+
and UU+D:UU++U+D—U+
Step 3. UsingUD, U =0, UD, D =UD,,UU,D =UU,+U,D—-U; andU, DU, = DU,
from Step 2, we compute:

1
S3 = (t n 1)(t — 1>2U[t7‘(171) —1irayn —rey + T(t,t)} =U,D—-DU,.

This gives the relation

U+D - DU+
Step 4. Using the relations D, UD, = 0 and D, UU, = 0 from Step 2 and the relation U, D =
DU, from Step 3, we compute:
1
Sq4 = CE (e t27"(1,1) — Tt — tzT‘(tJ) + T(t,t)] D, =-UD,.

This gives the relation

UD+:O

Step 5. Using the relations UU, U = U,.U from Step 2, the relation Uy D = DU, from Step 3
and the relation U D, = 0 from Step 4, we compute:
o 1
S5 = —(t m—YE

This gives the relation

[tQT(“) —tray —trey +rey | Dy = UL U = ULUUL

U+UU+ - U+U
Furthermore, using the relation D, DD, = D, D from Step 2, the relation U, D = DU, from
Step 3 and the relation U D, = 0 from Step 4, we compute:

1
S¢ = m trag —ray —trey +regn | Dy = —t(DD.D — D, D).

Under the assumption ¢ invertible, this gives
Step 6. Using the relations DD, D = D, DD, and UU,U = U, UU, following from Step 2
and Step 35, the relation U, D = DU, from Step 3, and the relation UD, = 0 from Step 4, we

see that that the first, second, fifth and sixth summands in 7, are zero. Moreover, using again
U.D=DU;andUD, = 0:

T(t,l) = tDD+U + D+UU+ — t.D.D+ — UU+ —+ tD + U+.
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We compute, using the assumptions that ¢ + 1 and ¢ are invertible and the quadratic relations
found in previous steps:
1
S7 = —m [T(t’l)U+ - tD?“(tJ) - U_,_T(m) + (t + 1)U7‘(t’1)] =D, U-D, -U+1

This gives the last relation DU = D, + U — 1, which concludes the proof in the case ¢ # 0.

7.1.3. Case (2). Whent = 0, the relations r(, ) reduce as follows:

V1 = T(t,t) = UU+U - U+UU+
Vg = r(t,t) - T(l,t) = DU_;,_U — U+UD+
Vg ‘= Tty —T@1) = UD+U + UU+D — U+DU+ — D+UU+

+UD,D—D.DU,
Vyq4 = 7‘(171) + T(l,t) + 'I"(nl) — ’r‘(t7t) = DD+U + DU+D — U+DD+ - D+UD+
+UD.D—D,DU. — DD,D + D,DD.

Step 1. We compute:

51 =Usvs+v1D 4+ vU +UsveD +vsU +v3D + Dyvy D 4+ DyvyD — vp — 2v3
- DU+U - U+DU+ + DU_;,_ - U_D+

830 This gives a relation between words of length at most three.
Step 2. We compute:
sg = Ds1Uy — 51Uy — Dsy+s1=—-UD,.

This gives the relation
U.D+ - O

Step 3. With the relation from Step 2, we have that v, = DU, U. Multiplying by U on the left
gives UU LU — U, U. Together with vy, it gives the relations

UU+U - U+UU+ - U+U

Step 4. It follows from Step 3 that UU, D = U, D +UU, — U, computing (UU, U — U, U)D.
With this and Step 2, v3 simplifies as:

v3=-U, DU, — D, UU, - D, DU, +U,D+UU, - U,
Computing U, v3 — v3 — Uvs leads to the relation
DU, =U.D.
835 Note that thanks to Remark 7.4, it also follows that D, DD, = D, D.
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Step S. With the relation DU, = U, D from Step 4, vs further simplifies as:
v3=—-D, UUL +UU; - Uy
Using UD, = 0, computing vs D — v3 leads to the relation
D.U=D,+U-1.
Step 6. Using the relations found in previous steps, the relation v, simplifies as follows:
vy=—-DD,D+ D.D.
This gives the remaining relation DD, D = D, D, and concludes.

7.2. The structure as augmented algebra. The aim of this section is to describe the quotient
of LI, by the two-sided ideal generated by

XU = (o1 = p1) -+ (05 = pj)

for 1 < j < n.If one assumes that t # +1, then via Theorem 7.1 this is equivalent to describing
the quotient of L}, by the element D - - - D;. It is the latter that we do in this section:

Proposition 7.5. The map
D;— 0

is a Z-algebra morphism with ker(n,) = (D --- D;) forany 1 < j < n.

ﬂnza}/{n%Z:{

Proof. Using a direct verification it is easily verified that 7, is well-defined, i.e. that the defining
relations in Definition 1.4 of Z\JTCn are satisfied under 7,,. - -

Note that ker(m,) = (Dy, ..., D,) as the quotient map LH,, - LH,,/(D;,...,D,) maps U;
to 1 by the relation U;D; = U; + D; — 1, see (7). Therefore, this quotient map agrees with m,
and it remains to prove that (D, ..., D,) = (D;.--- .D;) forany 1 < j < n. Equivalently, we
prove that D; = 0 in Z\ﬂffn/(Dl -+ Dj)forany 1 <i<n-—1.

We will use = to emphasize that we are working with the quotient L3, /(Dy---Dj). As
0= Dy---Dy,also Uy Dy ---D,,, = 0for j < m. Consequently, if m > 1 and using the
relations for Uy D and Uy Ds:

UlDQDgDm—I—Dle—DQDm =0.

o —
Thus we obtained that D, - - - D,,, = 0. Continuing iteratively, we obtain that D),,, = 0 and hence
Di=---=D,=0.

For the variables D; with i < j we consider D, --- D;U;_; = 0. For that word, the defining
relation (8) yields

'DZ A ‘Dj +D'L A ‘D]_2 D]—lUj—l _DZ AR Dj—l = 0.
~ T

This time, continuing iteratively with D; - - - D;_; = 0, we obtain that D; = 0, as desired. O
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Remark 7.6. In [12, Conjecture 6.4] it was conjectured that the quotient would be non-trivial for
j # 1 and that furthermore the values dim e;£H,/(xV+")e;, with the e; a system of orthogonal
idempotents of I, /(x*1)) adding up to the identity, would be given by the j x j-truncation of
the matrix in Corollary 6.3. Although Proposition 7.5 shows wrong, it would be interesting to
know if there exist some quotients of the loop Hecke algebra that yield those truncations.

7.3. Comparison with the Hecke-Hopf algebra. In [2] the Hecke-Hopf algebra H(S,,) was
introduced. This Hopf Z-algebra [2, Theorem 1.3] has the interesting property that the classical
Hecke algebra embeds in it [2, Theorem 1.9]: H,(S,) — H(S,) ®z Z[q, ¢ ']. The algebra is
defined as follows.

Definition 7.7. Let n > 2. The Hecke-Hopf algebra, denoted H(S,,), is the Z-algebra generated
by s; and D; foriv = 1,...,n — 1 and subject to the following relations:
e s?2=1, sD;+Disi=s;,—1, D?=D;forl1 <i<n-—1,
o 5,5, =s;8;, Djsi =s;D;, D;D; = D;D; for |i — j| > 1,
([ ] SjSiSj = SiSjSZ‘, DZ‘SJ‘SZ' = SjSiDj, DjSiDj = SiDjDZ‘—FDZ’DjSi—FSiDjSi fOf |Z—]| = 1
Note that, when ¢ — 1 is invertible the presentation of the loop Hecke algebra L3, in the
generators {p;, D; := (”’ ’) 21 has quite some similarities with the Hopf-Hecke algebra. Using

the presentation obtalned via Theorem 7.1 we will rather compare with Lf}fn which is also a
Z-algebra.

Proposition 7.8. Let n > 2. Then the map

n: H(S, E}/Cn:

is an epimorphism of augmented Z.-algebras. However, ker(1),,) is not a Hopf ideal of H(S,,).

Remark 7.9. Unfortunately, as ker(1,) is not a Hopf ideal, the Hopf structure of the Hecke-
Hopf algebra cannot be transported to the loop Hecke algebra. In fact for n = 2, 3,4 the loop
Hecke algebra is not a Hopf algebra.

Indeed, in those cases dimy(£H, ®zp k) = (*".') = 3, 10 and 35 when n = 2, 3 and 4
respectively. For these dimensions it is known that all Hopf algebras over an algebraically closed
field k of characteristic 0 are semisimple, see [26, 25]. However, it follows from the combination
of Theorem 5.7 and Theorem 6.1 that the loop Hecke algebra is not semisimple.

Thus it seems that the loop Hecke algebra shares with the Hecke algebra the fact of not being
a Hopf algebra. Hence it is reasonable to ask the following.

Question 1. Does there exist a “loop Hecke-Hopf algebra”, i.e. a Hopf algebra in which the loop
Hecke algebra canonically embeds?

We now proceed to the proof.

Proof of Proposition 7.8. By construction v,, will be an epimorphism of Z-algebras if it is well-
defined. That it is one of augmented algebras means that ey g, ) = m, o 1, where eyg,,) is the
counit H(S,,) and 7, is defined in Proposition 7.5. Recall that by definition ey s,)(s;) = 1 and
€ns,)(D;) = 0 and so we indeed see that ¢, commutes with the augmentation.
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Next, we verify the well-definedness.

The relations v, (s?) = 1 and ¢,,(s;D; + D;s;) = ¥, (s; — 1) follow via a direct computation
using the same-label relations (7).

The relations for |i — j| > 1 follow from the interchange relations (11).

The relation ,,(s;5;5;) = 1V, (s;5;5;) follows from direct computation, analogous to how the

relation p;p;11p; = pir1pipic1 in LI, (see (2)) followed from relations in LI, in the proof of
Theorem 7.1. Using quadratic relations (7) and (8) and considering the cases j = i1 separately,
the relation 1, (D;s;s;) = ¥y (s;s;D;) reduces to:

—D;iUit1n — DiDiyy + D + DiDi1 Dy = —DiUiv1 — DiDiy + Di + Dig1 DDy
and UUip1 — Uiy + DiiDiDipy = UiUipr + DiUipy — Uiy — DU + DD D;.

Both hold thanks to D;D;1D; = D;+1D;D; . Finally, we check the relation v,,(D;s;D;) =
¢n(SszDz + DiDjSi + SiDjSi). On the one hand wn(D]SzD]) = D]UlD] — DjDiDj, and on
the other hand a direct computation gives

wn(SszDz + Dz‘DjSi + Sz‘DjSi) = UZD]UZ — DzDJDz
Considering the cases j = ¢ & 1 separately, it is a direct computation that U; D;U; = D,;U;D;.

Finally, we prove that ker(¢),,) is not a Hopf-ideal. Note that D;s; + D; € ker(t,,). To show
that ker(v),,) is not a Hopf ideal it suffices to show that'? S((s; + D;)D;;1) ¢ ker(v,). To do so,
recall that the antipode is defined by S(s;) = s; and S(D;) = —s;D;. Hence

S((Sz + D1>DZ+1) = Sl<1 — Dz)Derl
Now, using (7) we find:
U (si(1 = Di)Diy1) = (Us — Di)(1 — Ds) Dy = UiDiy1 — Ui DiDiyy = —D; Dy + Dy 1.

The latter is non-zero as the monomials are Z\f}/Cn-reduced words and hence linearly independent
by Theorem 2.1. U

APPENDIX A. CONFLUENCE OF CRITICAL BRANCHINGS

In this appendix, we finish the proof of Theorem 2.1 by showing that the higher linear rewriting
system described in Figure 1 (see Figure 2 for the diagrammatic notation) critically confluate.

We enumerate critical branchings by first considering critical branchings involving a same-
label rewriting step (Section A.1), and then all the remaining critical branchings (Section A.2).

A.1. Same-label rewriting steps and others.

12Alternatively one can verify that it is not a coideal, hence ker(v,,) is also not a bialgebra ideal.
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A.1.1. Same-label rewriting steps and same-label rewriting steps. We consider branchings whose
branches are of type one of the same-label rewriting steps:

The first four branchings are straightforward. The last four come down to the fact that
U-(U+D-1)5gUDand D-(U+ D —1) 350,
and vice-versa for the multiplication on the right.

A.1.2. DD — ... and others. We consider branchings with one branch of type DD — ... and
the other branch of type one of the distinct-label or additional rewriting steps:

BT R A A

Their confluence is relatively straightforward. The confluence of the third branching comes down
to the fact that

D (Dy+U~—1) 5rg Dy +U —1.

A.1.3. DU — ... and others. We consider branchings with one branch of type DU — ... and
the other branch of type one of the distinct-label or additional rewriting steps:

RN EL

Since DU — ... rewrites to zero, it suffices to check that the other branch rewrites to zero.

Confluence of the first (resp. second) branching uses the first (resp. second) additional rewrit-
ing step. The same holds for the sixth and seventh branchings.

Confluence of the third and fourth branchings is immediate, as the other branch rewrites to
zero.

Confluence of the fifth and eighth branchings is straightforward.

A.14. UU — ... and others. We consider branchings with one branch of type UU — ... and
the other branch of type one of the distinct-label or additional rewriting steps:

ol fa
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Their confluence is relatively straightforward and similar to Section A.1.2. The confluence of the
third branching comes down to the fact that

(D +U—-1)U S Dy +U —1.

A.1.5. UD — ... and others. We consider branchings with one branch of type UD — ... and
930 the other branch of type one of the distinct-label rewriting steps:

KRR

The confluence of the first branching is given below:
+ - R
g 00
S |
dlml B

The confluence of the second branching is similar.
The confluence of the third branching is given below:

- % ) % _ % ™~
The confluence of the fourth branching is given below:

7 %Z@%@%%@%
R g e

) A=l

2 )
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The confluence of the fifth and sixth branchings is obtained similarly.

Next, we consider branchings with one branch of type UD — ... and the other branch of type

one of the additional rewriting steps:

The other branch always rewrite to zero. We leave it to the reader to check that the branch
UD — ... also rewrites to zero.

A.2. Distinct-label rewriting steps and others.
A2.1. UiD — ... and others. This was done in Section 2.3.

A22. UD,y — ... and others. We find the following list of critical branchings with the re-

maining distinct-label rewriting steps:

The branch UD, — ... rewrites into zero: to show confluence, we must check that the other

branch rewrites to zero. For the first branching, we have:

The last step requires a case by case analysis, depending on whether ' 2 or . The
second branching is analogous. A similar case by case analysis is necessary for the fourth and
sixth branchings. Note that confluence of the fourth branching in the case! 2 ' = |:| requires one

-~

the additional rewriting step, and similarly for the sixth branching in the case r__?__: = % The
remaining branchings are straightforward.

Since both UD, — ... and the additional rewriting steps rewrite to zero, any branching be-
tween them is automatically confluent; hence we don’t bother classifying these critical branch-
ings.
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A23. D, U — ... and others. We consider branchings involving a branch of type D, .U — ...
955 and branch of type one of the remaining distinct-label rewriting steps.

L S

We compute the D, U — ... branch of the first three branchings:

g% T

1
L

1 ol

- =1
[
- =1
|Q|

gii‘%
@_@ @@ =

Z % - @

One checks that this confluates with the other branch. The last three branchings are analogous.

We find the following list of critical branchings with the additional rewriting steps:

5 B

One checks that both branches rewrite to zero.

960 A.2.4. Three-term rewriting steps and others. We consider branchings involving one the three-
term rewriting steps in the set of distinct-label rewriting steps. First, consider the case where both
branches are of this type. The situation is symmetric in the D’s and U’s, so we only consider
branchings in D’s:
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Consider the first branching. If :J_:"__: = |:| , we can use the rewriting step U, D — DU, to slide

this U out of the diagram, and we recover the case :J_:-'_: = |. Moreover, the last branching rewrites

- ——

into zero when' ? 1 = |:| , irrespective of the branch.

When :J_T-’__: = % , the first and last branchings rewrite into D D, D, irrespective of the
branch. The same holds for the fourth branching.

The fifth branching rewrites into D, DD, D, irrespective of the branch.

Finally, when :J_?’__: = | , the first and last branchings rewrite into DD, irrespective of the
branch. The same holds for the second and third branchings.

Consider then branchings where one branch is a three-term rewriting step and the other branch-

ing is one the additional rewriting steps:

o
i 4 e
i

ol

7908 Ceofa OoEs

b |
ol

1

i
il
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Since additional rewriting steps rewrite to zero, it suffices to check that the other branch rewrites
to zero. This is straightforward for branchings in the first row, as the additional rewriting step
can still be applied after applying the three-term rewriting step. The same is true for branchings
in the third row.

Consider the first branching of the second row. The case :_‘_7__: = |:| rewrites to zero, and when

-—— [ -

1ol = or'?: = | we can rewrite until an additional rewriting step can be applied. Similar

L- =

arguments apply to the remaining branchings in the second row.

A.2.5. additional rewriting steps and additional rewriting steps. Both branches rewrite to zero,
so any such branching is trivially confluent.
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